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Abstract 

We demonstrated that classical mechanics have, besides the well 
known quantum deformation, another deformation - so called hyper- 
bolic quantum mechanics. The classical Poisson bracket can be ob- 
tained as the limit h — > not only of the ordinary Moyal bracket, but 
also hyperbolic analogue of the Moyal bracket. Thus there are two 
different deformations of classical phase-space: complex Hilbert space 
and hyperbolic Hilbert space (module over a so called hyperbolic al- 
gebra - the two dimensional Clifford algebra). Ordinary (complex) 
and hyperbolic quantum mechanics are characterized by two types of 
interference perturbation of the classical formula of total probability: 
ordinary cos-interference and hyperbolic cosh-interference. 

1 Introduction 



In a series of papers on probabilistic foundations of quantum theory [1] 
it was demonstrated that depending on the mutual disturbance of ob- 
servables the conventional formula of total probability can be deformed 
in two ways. One deformation of the formula of total probability is 
the well known formula for quantum interference of probabilities: 

P(6 = bj) = P(6 = bj/a = ai)P(a = ai)+P(6 = bj/a = a 2 )P(a = a 2 ) 

(1) 
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+2cos6yP(6 = bj/a = m)P(a = oi)P(6 = bj/a = a 2 )P(a = a 2 ) 

Here 6 = 61,62 and a = 0,1,0,2 are two dichotomous random variables. 
Thus the conventional formula of total probability is perturbed by the 
trigonometric term. Such a "formula of total probability with interfer- 
ence term" can be easily derived by using the conventional quantum 
formalism: one should make transition from the orthonormal basis 
{e^}^ =1 (corresponding to the observable 6) to the orthonormal ba- 
sis {e"}^ =1 (corresponding to the observable a). We pay attention 
that in [1] this formula was derived in purely classical (but contextual) 
probabilistic framework without to appeal to the quantum formalism. 
Of course, a classical probabilistic reconstruction of noncommutative 
structure of QM is important for better understanding of QM. How- 
ever, the contextual probabilistic approach does not only reproduce 
the well known quantum noncommutative structure. There appears 
naturally another quantum-like structure which we called hyperbolic 
QM, see [1]. The starting point was that the contextual probabilistic 
formalism induces not only the conventional quantum formula of total 
probability (J), but also another formula, see [1]: 

P(6 = bj) = P(6 = bj/a = oi)P(o = ai)+P(6 = bj/a = a 2 )P{a = a 2 ) 

(2) 

±2 cosh 9JP(b = bj/a = ai )P(a = ai)P(6 = bj/a = a 2 )P(a = a 2 ) 

(here 9 cannot be arbitrary and the range of variation of 9 depends 
on probability distributions of observables a and b). In [1] it was 
demonstrated that the formula of total probability with the hyper- 
bolic interference term Q also can be derived in the framework of the 
so called hyperbolic quantum mechanics. In the hyperbolic quantum 
mechanics [1] observables are represented by self-adjoint operators in a 
"hyperbolic Hilbert space" - Hilbert module over the two-dimensional 
Clifford algebra G - hyperbolic algebra. 

It is interesting that hyperbolic quantization also appeared natu- 
rally in relativistic quantum physics. The hyperbolic numbers offer the 
possibility to represent the four- component Dirac spinor as a two com- 
ponent hyperbolic spinor. Hucks has shown [2] that the Lorentz group 
is equivalent to the hyperbolic unitary group. Poteous [3] proved the 
unitarity of special linear group with the help of the double field, which 
corresponds to the null basis representation of the hyperbolic numbers. 
S. Ulrych investigated the hyperbolic representation of Poincare mass 
[4]. He also studied symmetries in the hyperbolic Hilbert space [4]. 
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Applications of hyperbolic numbers in general relativity can be found 
in the paper [5] of G. Kunstatter et al. These intensive applications 
of hyperbolic numbers in quantum physics induces a natural question: 
What is a classical limit of the hyperbolic QM? 

We study this problem in this note. We recall that in the con- 
ventional quantum mechanics this problem is solved by using the de- 
formation quantization framework, see particularly the work of Moyal 
[6] (and, e.g., [7], [8] for the modern presentation and various general- 
izations). In this framework it is proved that when h — > the Moyal 
bracket on the space E(Q x P) of symbols a(q,p) of pseudo-differential 
operators (representing quantum observables) is transformed into the 
Poisson bracket. 

We use the same approach in the hyperbolic case. We develop a 
calculus of pseudo-differential operators over the hyperbolic algebra G 
and found the limit of the hyperbolic Moyal bracket. Surprisingly we 
obtain the standard Poisson bracket. Thus: 

The classical limit of hyperbolic quantum mechanics is or- 
dinary classical mechanics. 

This derivation needs quite a lot of mathematics (which is similar 
to used in so called functional superanalysis, see, e.g. [9], [10], [8]). 
These mathematical investigations can be omitted and physicists can 
go directly to theorems 2 and 3 and conclusions at the end of sections 
2 and 3: 

Classical mechanics can be deformed in two ways by using com- 
plex and hyperbolic representations. These deformations describe two 
different types of interference of probabilities: the trigonometric inter- 
ference and the hyperbolic interference. 

2 Hyperbolic numbers 

We introduce an involution in G by setting z = x — jy and set \z\ 2 = 
zz = x 2 — y 2 . We remark that \z\ = \/ x 2 — y 2 is not well defined for 
an arbitrary z€G. We set G + = {z € G : \z\ 2 > 0}. We remark that 
G + is a multiplicative semigroup as follows from the equality 

\ziz 2 \ 2 = M 2 M 2 - 

Thus, for z±,Z2 £ G+, we have \z\Z2\ = |^i||^2|- We introduce 
e jd = cosh 9 + j sinh 0, 9 £ R. 
We remark that 

e j0i e j9 2 = e j(e 1+ e 2 )^ = e -# | e j0|2 = cosh 2 e _ ginh 2 B = L 
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Hence, z = ±ei 6 always belongs to G+. We also have 

We set G* + = {z £ G + : \z\ 2 > 0}. Let z G G+. We have 
* = kKlfr + ift) = sign x |z| (=g« + j EjgpE). 

2 2 

As T^p — #p = 1, we can represent re sign x = cosh# and y sign 
x = sinh#, where the phase 6 is unequally defined. We can represent 
each z G G^_ as 

z = sign x |z| e> e . 

By using this representation we can easily prove that G?j_ is a mul- 
tiplicative group. Here ^ = ^pe - ^. The unit circle in G is defined 

as Si = {z G G : \z\ 2 = 1} = {z = ±e j9 ,6 G (-oo,+oo)}. It is a 
multiplicative subgroup of G+. 

We remark that for any y G R the map: 

R^G,x^ Xy (x)=e jyx , 

is an additive G-valued character: 

Xy(xi + x 2 ) = Xy(xi)Xy(x2),Xi,x 2 G R, 

\Xy(x)\ = l. 

We shall use these G-valued characters on R to define an analogue of 
the Fourier transform and pseudo-differential operators. We demon- 
strate that, besides the ordinary quantum mechanics based on C- 
valued characters, there exists another natural quantum model based 
on G-valued characters - hyperbolic quantum mechanics. Both quan- 
tum models have the same classical limit. 
We also introduce on G the positive norm 

\\z\\ = \/x 2 + y 2 . 

which will be used in analysis over G. 



3 Ultra-distributions and Pseudo-differential 
operators over the hyperbolic algebra. 

We recall that for a function (p : R — > C the Fourier transform is 
defined by 

2 r+oo _ i 
&(P) = o u / e~^if(q)dq 



2irh J_ 



oo 
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and the inverse Fourier transform given by: 

/+oo . 
eh tp(p)dp. (3) 
-oo 

These formulas are well defined for, e.g., functions tp G S, where S is 
the space of Schwartz test functions. A pseudo-differential operator a 
with the symbol a(q,p) is defined by 

/+oo 
a(q,p)e—<p(p)dp. (4) 
-oo 

We would like to use the analogous definitions in the case of functions 
if : R — > G, and a : R x R — ► G by using instead of additive C- 
valued characters x — * e tx additive G- valued characters x —* e 3X . The 
only problem is that the latter exponent is not bounded and, e.g., 
the class of functions S cannot be used as the base of the hyperbolic 
Fourier calculus. Even if we chose the space D of test functions with 
compact supports, then, for cp G P, the inverse Fourier transform J2J 
is in general not well defined. 

One of the ways to proceed in such case is to use the theory of an- 
alytic generalized functions, ultradistributions, cf. [7]. Let us consider 
the space A(R, G) of analytic functions: 

oo 

/(^) = ^/nX n ,/nGG, 
n=0 

and \\f\\ R = J2n=o \\fn\\R n < oo,Vi? > 0. The G-module A(R, G) can 
be endowed with the topology given by the system of norms {|| • \ \r}. 
This is a complete metrizable G-module (Frechet module). We denote 
by the symbol A'(R, G) the space of continuous G-linear functionals: 

A : A(R,G) -» G. 

Functions cp G »4.(R, G) are called analytic test functions, functionals 
cp G A'(R, G) are called (G-valued) ultradistributions. As usual in 
the theory of distributions, we define the derivative of A G A'(R, G) 
by = — (^>7fo)- This operation is well defined in the space 

A'(R, G). The Fourier transform of an ultradistribution A G A'(R, G) 
is the function 



■5 



Properties of the Fourier transform are collected in the following propo- 
sition and theorem: 

Proposition 1. For any ultradistribution A G A'(R, G) its Fourier 
transform is infinitely differentiable. We have: 

^(X)(y)= mx n X{y)) . 

(d n \\ 
(y) = i-jy) n m{y) 

We denote the Fourier-image of the space of ultradistributions by 
the symbol £7(R,G). 

We remark that the Dirac (5-function 5{x) belongs to ^4'(R, G) and 
as always, we have ^(5^) = {—jy) n - Thus, in particular, the space 
E(R, G) contains all polynomials with coefficients belonging to G. The 
description of the space E(R, G) is given by the following theorem: 

Theorem 1. (Paley- Wiener) The Fourier-image E(R, G) is equal 
to the space 



{if G A(R, G) : 



< C^R™}. 



Thus the Fourier-image consists of G-valued analytic functions 
which have exponentially growing derivatives. The proof of this the- 
orem is a rather long and we do not present it here. This prove is 
similar to the prove of the analogous theorem in superanalysis, see [7]. 

To proceed to the theory of G-valued pseudo-differential operators, 
we chose the space of symbols a(q, p) G E(Q x P, G) , where QxP = R 2 
is the (ordinary) phase space. We can easily generalize all previous 
constructions to the multi-dimensional case. 

The map T : ,4'(R, G) — > E(R, G) is one-to-one. Thus, for any 
v £ E(R, G), there exists the unique ultradistribution A G -4'(R, G) : 
.F(A) = v. We denote this A by the symbol v. We shall also use (as 
people do in physics) the symbol of integral to denote the action of 
an ultradistribution A to a test function / : (A, /) = J f(x)X(dx). In 
particular, J r (X)(y) = f e jyx X(dx), and, for a symbol a G E(Q x P, G), 
we have: 

a(q,p) = j e j{qpl+pqi) ~a{d Pl d qi ). (5) 

To introduce into the model the Planck parameter h > 0, we modify 
the definition of the Fourier transform for functions ip from the domain 
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of definition of a pseudo-differential operator: 



<p(q) = J e h 

where A = (p G A'. At the same time we preserve the definition (JHJ of 
the Fourier transform for symbols. We define the pseudo-differential 
operator d with the symbol a G E(Q x P, G) by the natural general- 
ization of (0): 

a W>)(?) = / a(q,p)e~h~(f{dp). (6) 



We remark that E(P, G) C .4(P,G). Thus the function /(p) = 
a ( { ?;P) e ^ i € *4(P, G) for any g G R. Hence we can apply A = (p G 
-4'(P, G) to the analytic test function /. In principle, the formula JHJ 
can be used to define a psedo-differential operator d with a symbol a G 
A(Q x P, G). However, I do not know how to prove the correspondence 
principle for this larger class of symbols. 

Let a(q,p) = q. Then d{(p)(q) = f qe^ L (p{dp) = qip(q). 

Let a(q,p)=p. Then &(<p)(q) = )pe^(p{dp) = j^Je^<p(dp) = 

The first operator q is the position operator and the second oper- 
ator p is the momentum operator. This is the hyperbolic Schrodinger 
representation: 

We have the hyperbolic canonical commutation relation 
[q,p] = qp-pq = -hj. 

Proposition 2. Any symbol a G E(Q x P, G) defines the operator 

a:E(Q,G) ->£7(Q,G) 

Proof. As always, we define the direct product of distributions Ai, A2 G 
A(R,G): 

(Ai <g> X 2 (xi,X2),(p(xi,x 2 )) = (Ai(xi), (\ 2 (x2),<p(x 1 ,X2))) 

for ip G .A(R 2 , G). This operation A(R, G) x A(R, G) -> .A(R 2 , G) is 
well defined. We have 



d((f)(q) 



J(Pi«+<Kp)a(d Pl d qi ) 



e 3 h 9 (p(dp) 



J e^+i^+Va^^dpidqidp). 
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Let us consider the G-linear continuous operator 

S : A(P, G) — > A(P xQ x P, G),S(f)( Pl , qi , P ) = f(p + Pl h)e^ p . 
Then we have 



/jqp 
e~a <S> (p o S(dp). 



Thus a(v?) = T(X), A G .4'(P, G) : we have (a®£oS, /) = (a®<p, S(/)), 
and, since S is continuous, A = a<g)(/3oS€.4 / . 

In fact, any pseudo-differential operator a : E — > S is continuous 
in a natural topology of inductive limit on E. However, we shall not 
use this fact in this paper. 

Proposition 3. Any pseudo- differential operator can be repre- 
sented in the form: 

%>)(?) = j e^i P {q + hq l )~a{d Pl dq 1 ) (7) 



Proof. We have 
a(<p)(q) 



e h (p{dp) 



e^^dpxdqi). 



Theorem 1. (The formula of composition). For any two pseudo- 
differential operators a\, 02 : E(Q, G) — > E(Q, G) with symbols a\,a 2 € 
E(Q x P, G), the composition a = d\oa,2 is again a pseudo- differential 
operator with the symbol a G E(Q x P, G) and 

a(q,p) = ai *a 2 (q,p) = J e^ (pi+P2)+Jp(9l+g2)+ ^ giP2 ai(g)a 2 (dpi^idp2^2) 

(8) 

Proof.By Q we have: 

ai(a 2 {<p)){q) = / e jqPl a 2 (f)(q + hqi)ai(dpidqi) = 



ai(dpidqi) 



J e™ pi J e^ +h ^v(<l + hqi + hq 2 )a 2 {dp 2 dq 2 ) 



Jlipi+Pl) Jhqxpo, 



<p(q + h(qi + q 2 ))ai <g> a,2{dpidqidp 2 dq2) ■ 



We introduce a G-linear continuous operator 

B : A{P x Q,G) -> A{P x Q x P x Q,G), B(f){p u q u V2,q2) 
e jhqiP2 f( P i+ P2 ,qi+q 2 ). 
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We can write: 

di(d 2 ((f)) (g) = I e 3qpi (p(q + hqi)a\ ®d 2 o B{dp\dq{). 



Since B is a continuous operator, A = a\ (g) 02 o B € .4'. Thus di o 02 
is also a pseudo-differential operator and its symbol 

a(q,p) = F(\)(q,p) = [ ^^oi ® d 2 o B{d Pl dq x ) = 



j(q( P i+P2)+p(qi+q2)) e jh qiP2di g, a 2 (dp 1 dq 1 dp 2 dq 2 ) . 



We now introduce on the space i£(Q x P, G) of symbols the hyperbolic 
Moyal bracket: 

{ai, 02}* (<?,£>) = ai * a 2 (q,p) -a 2 * ai(q,p), 

where the operation * is denned by (JEJ). We remark that * = *(h) 
depends on the Planck parameter h > 0. Thus the Moyal bracket 
also depends on h : {a±, o 2 }*(7j). On the space of smooth functions 
/ : Q x P — > G we introduce the Poisson bracket: 

{a u a 2 }{q,p) = —(q,p) — (q,p) - ( g>p ). 

The space (E(Q x P,G), {•,•}) is a Lie algebra. It contains the Lie- 
algebra of classical mechanics, E{Q x P,R){-, •}). 
Theorem 2. Let 01,02 G P(Q x P,G). T/ien 



J_ 

/w6 h 



lim r {ai,a 2 }*( /l )(g,p) = {ai, a 2 }(g,p), (q,p) £ Q x P. (9) 



e 79(Pl+P2)+j'p(9i+92) 



Proof. We have {ai, a 2 }*(g, g) = 

m P 2 _ e jhq 2P i] gl g, a 2 (dpidqidp 2 dq 2 ) = 

jh J eJ«(w+»)+JP(3i+») [ giP2 - g 2Pl ] 5i a 2 (dpidqidp 2 dq 2 ) + 0(o). 
We also have ^( g , p )^( g , p ) = 

|_ y eJCaw+paiJa^dpidgi)^ y e ^ + ^ d 2 {dp 2 dq 2 ) = 
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J j 2 qip 2 e jq{pi+P2)+Mqi+q2) d 1 ®~a 2 {dp l dq 1 dp2dq 2 ). 

Thus we obtain the following hyperbolic Fourier-representation of the 
Poisson bracket: 

{ ai ,a 2 }(q,p) = J [q 1 p 2 -q 2P i}e^ + P^ + ^ + ^a 1 0d2(d Pl dq 1 d P 2dq 2 ). 

Hence we proved 

A pseudo-differential operator a is called an observable if its symbol 
takes only real values: 

a : Q x P -> R. 

The algebra of observables can be identified with the algebra of symbols 
(E(Q x P,R),*(/i)), where the *-product is given by By theorem 
2 the Lie-algebra of hyperbolic observables (E(Q x P,R), {v}*(fr))j 
where {•, -j^/i) is the hyperbolic Moyal product, is the deformation 
of the classical Lie algebra (E(Q x P,R), {•,•}), where {•,•} is the 
ordinary Poisson bracket. 

Conclusion. The hyperbolic quantum mechanics in the limit h —> 
coincides with the classical mechanics. 



4 Classical limit of the hyperbolic quan- 
tum field theory 

The classical limit for quantum systems with an infinite number of de- 
grees of freedom was investigated (on the mathematical level rigourosness) 
in [11]. I used the theory of ultradistributions on infinite dimensional 
spaces to build the calculus of infinite-dimensional pseudo-differential 
operators 1 and introduce the Moyal deformation of the Poisson bracket 
on the infinite dimensional case, see [11] for detail. The same we can 
do in the hyperbolic case. 

Let X be an infinite dimensional real topological vector (locally 
convex) space, e.g., the space 5(R n ) of Schwartz test functions or 
the space <S*(R n ) of Schwartz distributions. Denote by the symbol Y 
the R-dual space of X - the space of R-linear continuous functionals 
y : X — » R). As always, we use the notation (y,x) = y[x). Denote 
the space (G-module) of analytic functions / : X — > G by the symbol 

1 First time infinite-dimensional pseudo-differential operators were introduced on the 
mathematical level of rigorousness by 0. G. Smolyanov [12]. 
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A(X, G) and the space (G-module) of continuous G-linear functionals 
A : A -> G by the symbol A'(X, G). 

We choose A(X, G) as the space of (analytic) G-valued test func- 
tions and A'(X, G) as the space of G-valued (ultra) distributions. 
G-valued additive characters 2 (y £ Y) on X, 



belong to the space of G-valued analytic functions. We define the 
Fourier transform of an ultradistribution A € A'(X,G) by: 



This is an analytic function on the dual space Y = X* (endowed 
with the strong topology). We denote the Fourier image of the space 
A'(X, G) of ultradistributions by the symbol E(Y, G). By using meth- 
ods developed in [13] we can try to obtain an internal description of 
this G-module, Paley- Wiener theorem. However, this is not a trivial 
problem. 

It is important for us that E(Y, G) contains cylindrical polynomials 
(as well as "nuclear polynomials", see [13]). Under some topological re- 
strictions on X (so called approximation property, see [13]) the Fourier 
transform 



is one-to-one map. We consider such a class of infinite-dimensional 
spaces, e.g., X = 5(R ra ),Y = <S*(R n ), or vice versa. Thus, for any 
v € E(Y,G) there exists the unique ultradistribution v £ A'(X, G) 
such that 



(as always, we use the symbol of integral to denote the pairing between 
an ultradistribution and a test function). In the same way as in the 
finite dimensional case we introduce pseudo-differential operators with 
symbols a € E{Q x P, G). Here the infinite-dimensional phase-space 
is introduced in the following way. 

Let Q be an R-linear locally convex space which is reflexif. Thus 
dual space Q* = P of Q (endowed with the strong topology) has the 
dual space P* = Q. The space Q x P is the phase-space. We remark 

2 We recall that \e^ y ^ \ = l,xGX. 



x 



A(y)=^(A)(y) = (A,e^)), y EY 



T : A(X, G) -> E(Y, G) 
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that (Q x P)* = Q* x P* = P x Q. In the above scheme we put 
X = P x Q and Y = Q x P and proceed: 



By analogy with one dimensional case we prove (cf. [11], [7]): 
Theorem 3. For any symbol a € E(QxP,G) the pseudo-differential 
operator a : E(Q, G) — > E(Q, G). For ai,a 2 <G E(Q x P, G), £fte oper- 
ator a = a\ o CL2 is again a pseudodifferential operator with the symbol 
a(q,p) = ai* a 2 (q,p) = 



the Moyal and Poisson brackets, respectively. 

Conclusion. The classical limit of the hyperbolic quantum theory 
with the infinite-number of degrees of freedom coincides with ordinary 
classical mechanics on the infinite- dimensional phase-space. 

Thus we have two deformations of classical field theory: complex 
second quantization and hyperbolic second quantization. 



5 Hyperbolic fermions and hyperbolic 
supersymmetry 



Let B be an algebra over a field K and A be a ring which is also a 
-B-module and let operations of ring and module are connected in the 
natural way (in the same way as in the case of an ordinary algebra 
are related operations of a ring and a linear space). Such an algebraic 
structure A will be called a l?-algebra. 

The standard example which has been used in this paper is some 
space A of functions / : R m — > G. They are G-algebras. 

Let us consider a supercommutative Banach G-superalgebra A = 
Ao Ai (see, e.g., [8]-[10], [7] for the ordinary supercommutative Ba- 
nach superalgebras over R). 




j(p,g) 
e h 
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For example, A can be a Grassmann G-algebra with re-generators 
9\ , . . . , 6 n : ^ 

G n = {u = ^c a e a :c Q GG} 

a 

and a = (on, . . . , a n ), ay = 0, 1, 6 a = 6* 1 . . . 9% n and Orfj = -0^. 

In the same way as in [7] we should consider G-superalgebras A = 
Ao © Ai with trivial Ai-annihilators: 

± A 1 = {u G A : uX = 0,VA G Ai} = {0}. 

All Grassmann G-algebras with a finite number of generators have 
nontrivial Ai-annihilators. As an example of a supercommutative Ba- 
nach G-superalgebra with trivial Ai-annihilator we can consider an 
infinite dimensional Banach-Grassmann G-superalgebra, see [7]. 

We consider the superspace over G : R fe,z = Aq x A^ and construct 
the hyperbolic calculus of super pseudo-differential operators by com- 
bining results of section 2 and [7]. We obtain the following result: 

Theorem 4 Hyperbolic Moyal super bracket is a deformation of 
the ordinary Poisson bracket on the superspace. 

I would like to thank A. Aspect, L. Accardi, L. Ballentine, D. 
Greenberger, S. Gudder, G. 't Hooft, A. Leggett, V. S. Vladimirov, 
I.V. Volovich for fruitful discussions on contextual approach to QM 
and its hyperbolic generalizations. 
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